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In this paper we unify certain types of integral inequalities which are established 
by Bellman. Bihari. Deo and Dhongade. 
1. INTRODUCTION 
There exist various generalizations of Bellman-Gronwall-Bihari 
inequalities [ 1, 31. These generalizations are motivated by specific 
applications to the theory of differential and integral equations. These results 
have been widely quoted by many mathematicians in proving uniqueness, 
boundedness. comparison, continuous dependence and stability; such 
inequalities are handy tools [9, 131. The two-independent-variable 
generalization of this inequality is given by Wendroff [2, p. 1541. Wendroff’s 
inequality has evoked considerable interest in recent times, for example. 
Bondge and Pachpatte [4, 51, Ghoshal and Masood (7 ]. Headley [S], Snow 
[lo], Young [ 121 and the present author [ 111. 
In this paper we establish n-independent-variable generalizations of the 
integral inequalities established by Bellman [ 1. p. 581. Bihari [3 ] and 
Dhongade and Deo [6] for n = 1. 
2. NOTATION 
A point (x, ,..., x,) in the n-dimensional Euclidean space R” is denoted by 
x and the origin of R” is denoted by 0 = (0 ,..., 0). For x = (x, ,..., x,~) and z = 
(2, ,..., zn) is R”, we denote 
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by 
.z 
..- ds 
-x 
and 
Di+, 
1 
for i = l,..., n. The natural partial ordering on R, is defined by 
x < z if and only if xi < zi for i = l,..., n. 
3. MAIN RESULTS 
In this section we shall prove some useful integral inequalities which claim 
their origin to the following: 
LEMMA (Bellman [ 1, p. 581). Let n(x) be a positive, nondecreasing 
function and w(x) > 0, f(x) > 0. If all three functions are continuous and if 
for x E [a, b] 
.x 
w(x) < n(x) + 1 f(s) w(s) ds, 
.a 
then 
for x E [a, b]. 
Let I = [0, co) and J = [ 1, co). First, Bellman’s inequality [ 1, p. 581 and 
the Dhongade-Deo inequality [6, Lemma l] are unified and embodied in the 
following theorem. 
THEOREM 1. Suppose that 
(a) 4x), h(x) E C[I”, 11, 
(b) f(x) E C[I”, (0, co)] and nondecreasing in x, 
(c) &q-K> E C[I”, J]. 
If 
W(X) G f (X) + g(X) 1.’ h(s) W(S) ds 
0 
(1) 
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for x E I”. then 
for s E I”. 
w(~K) < f(x) g(x) exp (17 h(s) g(s) ds ) 
Proof. Since f(x) is nondecreasing and g(x) > I, we have 
.I h(s) w(s) 
#i l+ g(4jo f(s) ds 
I 
for x E I”. Define 
Then 
r(x) = 1 + ( 
.X h(s) w(s) ds 
.o f(s) . 
r(x) = 1 on xi = 0. i = I...., n: 
D, . . . D, r(x) = 
h(x) w(x) 
f (-K) 
and 
w(x) 
- < g(x) r(x). 
f t-y) 
Thus 
D, ... D,r(x) 
r(-y) 
< 4-u) d-y). 
which implies 
r(-y) D, ... D,r(x) 
< 0) d-u) + 
D,r(x) D, ... D,, ,r(x) 
r*(x) r’(x) 
Thus 
(2) 
(3) 
(4) 
(5) 
Dn D, ... D,_,r(x) 
r(-y) 
< h(x) g(x). 
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Integrating both sides of the above inequality with respect to the component 
x, of x from 0 to x, we have 
D, . . . D,-,r(x) D, me* D+,r(x ,,..., x,-,,O) 
4x1 - d-y, ,..., x,-, , 0) 
< 1’” h(x, ,..., x,-, , f,) g(x, ,..., x,-, , f,) df,. 
-0 
From the definition of r(x), we have 
D, ..a D,-, r(x) 
r(x) 
< fxn h(x ,,..., x,-, , r,) g(x, ,..., x,-, 7 f,) df, 
-0 
which implies 
D 
D, ... D,-,r(x)’ 
n-l 
r(x) 
< I.x” h(X,,..., x,-, , f,) g(x ,,...r x,-,, f,) df,. 
-0 
(6) 
Integrating both sides of (6) with respect to the component x, ~, of x from 0 
to x,-, we have 
D, .a. D,-*r(x) 
r(x) 
qy’[“h(x I,..., x,-z, f ,,-,‘fJ 
x g(x, )...) x n-*,fn-,,tn)dtndfn-,. 
Continuing in this way we obtain 
x g(x,, x2, f, ,..., f,) df, ... df,. (7) 
Integrating both sides of (7) with respect to the component x2 of x from 0 to 
x2 we have 
D, r(x) ~1 
x”jo ***l;“h(x,,f,. . . . . f,)g(x,,f, ,..., f,)df;..df,. 
Integrating both sides of the above inequality with respect to the component 
x, of x from 0 to x, we have for x E I” ’ 
log r(x) < (.I h(f) g(f) df, 
-0 
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i.e., 
This and (5) imply the desired bound in (2). 
Remark 1. For H = 1 and g(x) = 1, Theorem 1 reduces to Bellman’s 
lemma [ 1, p. 58 I. 
Remark 2. For n = 1, Theorem 1 reduces to Lemma 1 of Dhongade and 
Deo 161. 
As an application of Theorem 1 we establish the following n-independent- 
variable generalization of the Dhongade-Deo inequality 16. Theorem 11. 
THEOREM 2. Let 
(a) the functions w(x) andf(x) be defined as in Theorem 1. 
(b) gi(x)E C[P’.J]for i= 1, 2 ,..., m. 
(c) h,(x) E C[Z”. I] for i = 1, 2 ,..., m. 
[ffor s E I” 
(8) 
then 
w(x) ,< Ernf(x). (9) 
\i,here Ek is defined inductitlely as follou~s: 
P&u) = “f(X). 
(IO) 
Ekf(.r)=f~~)Ek~'gk(X)exp i.r, h,(s)E”-‘g,(s)ds). k = 1, 2 ,.... nr. 
ProoJ: The proof is by finite induction. We note that Theorem 2 reduces 
to Theorem 1 for m = 1 and hence is true. Now assume that (9) is true for 
given k. k = 2, 3 ,.... m - 1. Thus 
w(x) ,< E’f (x) 
< Ekf(x) 1 + gkc ,tx) ( 
--’ h,+,(S) l”(S) ds 
-0 I f(s) . 
(11) 
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It follows from (10) that E”f(x)/f(x) > 1. From (11) and (b), we have for 
.Y E I” 
bvtx) < gk + ,cx) Ekf(X) 
f(x) f(x) 
This inequality is of the form (3). Hence, as in Theorem 1, (2) takes the 
form 
w(x) < g, + ,(x) Ekf(x) exp ]‘X ” + I(‘) gJ&\(S) Ekf(S) ds. 
-0 
This and (10) imply 
l+'(X) <f(X) Ek&+ ,(X) exP I-' h k+,(S)Ekgk+,tS)dS=Ek+Lf(X). 
-0 
This proves that (9) holds for m = k + 1. Thus our proof is complete. 
COROLLARY. Let g,(x) = 1 for x E I” and i = 1, 2,..., m in our 
Theorem 2. Then 
where Ek is defined inductively as follows: 
EOf(x) =f(x), 
Ekf (x) = Ek- ‘f(x) exp I..’ Ek- ‘h,(s) ds, XE I”. 
-0 
The proof is similar to that of Theorem 2, so we omit the details. 
Remark 3. For n = 1, our corollary reduces to Corollary 1 of Dhongade 
and Deo [6], which is a linear generalization of Bellman’s inequality [ 1, 
p. 581 for m terms. 
As an application of Theorem 2, we consider the following example. 
EXAMPLE. Consider the following inequality for x E I’ : 
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Here 
f(x,.x,)=xf +x;. g,(x,.xz)= 1. g&u,, x?) = es’-‘\2. 
h,h,,q)= 1 and h,(s,, s,) = e” -2rL52. 
It follows from Theorem 2 that 
w(x) <E2f(x) = (xi + xi) exp(2x,x,) exp(x,e-‘I -.Y~). 
4. FURTHER RESULTS 
In this section we establish the following n-independent-variable 
generalization of Bihari’s inequality [3 ) and Dhongade and Deo 16. 
Lemma 2). For this purpose, we need a class of functions F defined as 
in 161. 
DEFINITION. A function p E C[Z. I] is said to belong to the class F if 
(i) p(u) > 0 is nondecreasing for u > 0 and p(0) = 0. 
(ii) c’~ ‘p(u) < p(r ‘u) for L’ > 0 and u > 0. 
THEOREM 3. Let thefunctionsf(x), g(x), h(x) and w(x) be defined as in 
Theorem 1: let Q, G E F, Q be submultiplicative and Q’(u) E C[I, I). If for 
.K E I” 
w(x) <f(x) + g(x) G (!o’ h(s) Q(w(s,, ds), (12) 
then for .Y” E I”. 0 < x < x0, 
w(x) <f(x) g(x) ) 1 + g [W’ ((I h(s) Q( g(s)) ds) 1 (. (13) 
-0 
where H ’ is the inverse of H which is defined bjq 
H(r) = 1” dr 
rc, Q(1 + G(t)) ’ 
r > r,, > 0. (14) 
.v 
) 4) Q( g(s)) ds E DomW ’ 1 
-0 
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Proof. Sincef(x) is nondecreasing, g(x) > 1 and Q, G E F, we have from 
(12) that for xE I” 
# ,< 1 + g(x) G (1; h(s) Q (3) ds) 
G g(x) [ 1 + G (j-)(S) Q (g) ds)]. 
Let 
r(x) = 1.’ h(s) Q (3) ds 
-0 
for x E I”. Then 
r(x) = 0 on xi= 0 for i = 1, 2 ,..., n, (15) 
z < g(x)[ 1 + G@(x))]. (16) 
Thus 
D, . -. D, r(x) = h(x) Q < h(x) Q( g(x)) Q(l + G(r(x))) 
since Q is nondecreasing and submultiplicative. Thus 
Q(1 + G(r(x))) D, fee D,r(x) 
Q*(l + W-(-u))) 
G h(x) Q< g(x)) + D,Q(l + W-(x)))D, +..D,-,r(x) 
Qz(l + G(r(x)j) ’ 
I.e., 
Dn 
D, ..- Dn-,r(x) 
Q( 1 + G(r(x))) < ‘cx) Q(&>>- 
Integrating both sides of the above inequality with respect to the component 
x, of x from 0 to x, and using (15) we have 
D, ... D,-,r(x) 
Q(l + W-(x))) 
< y h(x I ,..-v -r, ~, 7 f,,) Q< g(x, ,..., x, _, , f,J) dt, 
-0 
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which implies 
D 
D, ... D,-2r(-~) 
n-’ Q(1 + G(O))) 1 
< l.X” h(x, ,..., x,- ,, t,) Q( g(x, , . . . . .K, - , , t,)) dt,. 
-0 
Integrating both sides of the above inequality with respect to the component 
X n-, of x from 0 to x,-, we have 
D, ... Dnm2r(x) 
< y-’ (” h(x, ,...’ x,,-?. t,-, , t,) 
Q(l + G@(x))) . o . ,, 
x Q< g(x, ..., x,-2 3 t,-, 9 I,)) df,, dt,-, . 
Continuing in this way and using (14) we have 
4 r(x) 
D’ H(r(x)) =Q( 1 + G(r(x))) 
<];‘-.rh(x& ,..., t,)Q(g(x,,t, ,,.., t,))dt;..dt,. 
Integrating both sides of the above inequality with respect to the component 
x, of x from 0 to x, we have 
fwx)) - Wr(O, x2 ,*-., x,)) G I-X h(t) Q(d) dt 
-0 
which implies 
r(x) < H-’ 
[ 
I-’ h(t) Q( g(t)) df]. 
.O 
Result (13) follows from (16) and (17). 
As an application of Theorems 2 and 3, we have 
(17) 
THEOREM 4. Let 
(a) the functions w(x), f(x), g,(x), and h,(x) (i = 1. 2,..., m + 1) be 
defined as in Theorem 2, and 
(b) the functions Q and G be defined as in Theorem 3. rffor x E I” 
w(x) <f(x) + *$, gi(x) J: hi(s) W(s) ds 
(18) 
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then for x0 E I”, 0 <x <x0, 
where Em is defined inductively as in Theorem 2, H-l has the same meaning 
as in Theorem 3, and 
I 
4 
h,+ Ss) Q(E”g,+ ,W ds E DomW’). 
-0 
Proof: Let 
T(x) =f(x) + gm+ ,@F (j; hm+ ,(s> Q(Ms)) d$ 
Then (18) can be rewritten as 
w(x) < T(x) + 2 
i=l 
gi(X) j: hi(s) W(s) ds 
for x E I”. It follows from Theorem 2 that 
Nx) < EmUP)) 
= Em 
[ 
f(x) + g,, ,(x)G 
( 
j: h,, ,@I Q(w(s)) ds) ] 
=fTf(x) +E”’ [ g,+,(x)G (j; h,+,(s) Q(WW) ] 
=E”f(x)+g,+,(xP 
[ 
j; h,+,(s)QWW] 
X Em-‘g,,,(x) exp 1; h,(s) Em-‘g,(s) ds], 
whence 
w(x) GE"tf'f(x) +Emg,+,(x)G (j; h,+,(s) Q(wWd+ 
This inequality is of the form (8), which, by the application of Theorem 3, 
gives the desired result (19). 
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